Abstract. Recent progress of the gyrokinetic-Vlasov simulations on the ion temperature gradient (ITG) turbulence in tokamak and helical systems is reported, where the entropy balance is checked as a reference for the numerical accuracy. The tokamak ITG turbulence simulation carried out on the Earth Simulator clearly captures a nonlinear generation process of zonal flows. The tera-flops and tera-bytes scale simulation is also applied to a helical system with the same poloidal and toroidal periodicities of L = 2 and M = 10 as in the Large Helical Device.
INTRODUCTION
Gyrokinetic theory and simulation of plasma turbulence in magnetic confinement fusion have advanced physical understandings on the anomalous transport mechanism. The ion temperature gradient (ITG) turbulence [1] has been studied by means of various simulation codes [2] . Throughout the extensive computational and theoretical studies, it has widely been recognized that zonal flows play a critical role in suppression of the ITG turbulent transport.
In order to investigate the anomalous transport from a point of view of structures of the distribution function in the multi-dimensional phase space, we have developed the gyrokinetic-Vlasov simulation code (GKV code) in the last couple of years. The GKV simulation has confirmed the statistically steady state of the toroidal ITG turbulent transport in a tokamak in terms of detailed calculation of the entropy balance [3] . It has also been clearly demonstrated that the collisionless damping of the zonal flow and the geodesic acoustic mode (GAM) [4] is associated with the phase mixing of the perturbed distribution function δ f with fine velocity-space structures. In addition, a coherent structure of δ f , which is associated with the residual zonal flow level [5] , is accurately reproduced by the GKV simulation with high velocity-space resolution.
Recently, damping processes of zonal flows in helical systems are analytically investigated [6, 7] based on the gyrokinetic theory as generalization of the work by Rosenbluth and Hinton for tokamaks [5] . Accordingly, the GKV simulation has also been extended to take account of helically-trapped particles. The simulation results on the zonal flow damping in helical systems with the single-helicity confinement field show a fairly good agreement with the theoretical prediction [6, 7] . In order to elucidate how the helical geometry can be optimized to enhance the residual zonal flow level, the collisionless damping of the zonal flow and the GAM in multi-helicity configurations is also investigated by means of the helical version of the GKV code [8] . Furthermore, zonal flows in the electron temperature gradient (ETG) turbulence are compared with those in the ITG turbulence based on the gyrokinetic and gyrofluid models [9] .
In the present paper, we report recent progress of the GKV simulations on the ITG turbulent transport in tokamak and helical systems. Our previous ITG turbulence simulation was restricted to a relatively small system by assuming the toroidal periodicity of N α = 10 [3] , because of limited computer resources. Application of the GKV code to the ITG turbulence in helical systems also demands huge computer resources. In order to overcome the limitation, we have initiated the fusion plasma simulation project utilizing the Earth Simulator (ES) [10] . After describing the simulation model and code, results of the GKV simulations realized by use of ES are shown in succeeding sections.
SIMULATION MODEL
The nonlinear gyrokinetic equation [11] for the ion distribution function is considered here in the assumption of the low-β electrostatic limit. By employing the flute reduction for a large-aspect-ratio torus, the governing equation for δ f is represented as
where b b b, B 0 , c, Φ, e, and T i mean the unit vector parallel to the magnetic field, magnetic field strength on the magnetic axis, the speed of light, the electrostatic potential averaged over the gyromotion, the elementary charge, and the ion temperature, respectively. The parallel velocity, v , and the magnetic moment, µ, are chosen as the velocityspace coordinates, where µ is defined by µ ≡ v 2 ⊥ /2Ω i with the ion cyclotron frequency Ω i = eB/m i c (m i is the ion mass) and the perpendicular velocity v ⊥ . The Maxwellian distribution is denoted by F M . We have also employed the collision term, C (δ f ), where the Lenard-Bernstein model collision operator is introduced (see Ref. [3] for details).
In the GKV code, we use the toroidal flux tube model [12] with the field-aligned coordinates of x = r − r 0 , y = r 0 q 0 [q(r)θ − ζ ], and z = θ where r, θ and ζ mean the minor radius and the poloidal and toroidal angles, respectively, and also assume constant volume-averaged density and temperature gradients and magnetic shear parameters, such that
The averaged minor radius, r 0 , is defined by Ψ t = πB 0 r 2 0 both for tokamak and helical configurations, where Ψ t means the toroidal flux. Here, q(r) stands for the safety factor, and q 0 = q(r 0 ). The toroidal and helical effects of the confinement field are taken into account through variation of the magnetic field strength,
where L and M denote the poloidal and toroidal periodicities of the helical field. We introduce a parameter associated with the averaged normal magnetic curvature for helical systems, ε 00 , and its radial derivative, ε 00 [13] . The parameters representing the toroidicity and helicity are assumed that ε t = r 0 /R 0 1 and ε h 1, respectively, where R 0 means the major radius. For the tokamak configuration, ε h = 0. Here, we set the fieldline label α to be constant as done in the local analysis of the linear ITG instability in helical systems [14] . The perpendicular derivatives appear in the Poisson brackets for the E E E × B B B advection term. The parallel derivative is defined as
The magnetic and diamagnetic drift terms are given as
Here,
is used in calculation of the mirror force term.
In the radially-localized flux tube model with constant volume-averaged density and temperature gradients, it is straightforward to employ the periodic boundary conditions both in the x and y directions. Thus, Φ is related to the electrostatic potential, φ , in the perpendicular wavenumber space,
y and the zeroth order Bessel function, J 0 . The potential φ k x ,k y is obtained by the quasi-neutrality condition (see Ref. [3] for more details). In the followings, we use the normalizations of
GKV CODE FOR THE EARTH SIMULATOR
The GKV code is highly optimized for the Earth Simulator (ES) which is a huge vectorparallel computer system consisting of 640 processor nodes with 8 arithmetic processors (APs) per node (5,120 APs in total). Each AP has a peak performance of 8 Gflops, and thus, the total computation speed reaches to 40 Tflops. The total memory of 10 Tbytes is distributed to the processor nodes which are connected with fast interconnection network.
Using 192 nodes of ES, we could achieve the actual computation speed of 4.8 Tflops in the tokamak ITG turbulence simulation, where we employed (85, 169, 128, 128, 48) grid points/mode numbers in the (k x , k y , z, v , µ) space [10] . In the ITG simulation for helical systems, higher performance of 5 Tflops is recorded with (85, 41, 512, 128, 48) grid points/mode numbers. The high performance exceeding 40% of the theoretical peak of the computation speed (12 Tflops) is realized by efficient vectorization and hybrid implementation of the automatic and MPI (message passing interface) parallelization. The fast Fourier transform operations for the spectral method in the (k x , k y ) space are carried out in a single node, while the (z, v , µ) space is separated into 192 blocks by the three-dimensional domain decomposition. The MPI parallelization is successfully implemented for the finite differences as well as for the the velocity-space integration and the magnetic flux surface average. The automatic parallelization in the single processor node with 8 APs is usually applied to the µ coordinate.
In the present version of the GKV code, the fourth-order central finite differences are used for calculations of the derivative terms in the (z, v , µ) space while a weak numerical filter in the z direction is introduced for the numerical stability. We have employed the fourth order Runge-Kutta-Gill method for the time-integration [15] .
TOKAMAK ITG TURBULENCE SIMULATION
A full toroidal angle gyrokinetic-Vlasov simulation of the tokamak ITG turbulence is carried out for the cyclone DIII-D base case parameters [2] , where R 0 /L T = 6.92, ε t = 0.18, ε 00 = R 0 ε 00 = ε h = 0, r 0 /ρ i = 80,ŝ = 0.78, q 0 = 1.4, η i = 3.114, and τ = T e /T i = 1. The simulation box in the velocity space is set to −5v ti ≤ v ≤ 5v ti and 0 ≤ µ ≤ 12.5v 2 ti /Ω i0 . The perturbed distribution function is assumed to zero outside of the velocity-space boundary. In the GKV simulation of the ITG turbulence utilizing ES, a full toroidal angle of the torus can be dealt with by including ±84 toroidal modes with N α = 1. Thus, the (non-zero) minimum and maximum wavenumbers in the y direction are k y,min ρ i = 0.0175 and k y,max ρ i = 1.47, respectively. Radial simulation box size is given by ∆q = 1, where ∆q denotes a difference of the safety factor across the radial width. Thus, we set the (non-zero) minimum and maximum wavenumbers in the x direction to k x,min ρ i = 0.08577 and k x,max ρ i = 7.204. Also, the simulation box size along the field line is given by −π ≤ z ≤ π. Finite collisionality is introduced with the ion-ion collision frequency of ν ii = 10 −3 v ti /L n which is in the banana regime of
≈ 0.04. We set the time-step size ∆t = 0.015L n /v ti , and run the code 24 hours on ES for continuation of the numerical simulation till t ≈ 200.
Electrostatic potential perturbations mapped on a poloidal and radial cross-sections are shown in Fig.1 at different time moments. From initial perturbations with small amplitudes and random phases in the x and y coordinates, the ITG modes linearly grow with radially-elongated mode structures in the outside of the toroidal bad-curvature region (shown in the upper left panel of Fig.1 ). The instability growth saturates just before t = 50 due to zonal flows generated through nonlinear coupling between the ITG modes. In the upper-right panel of Fig.1 , one can see that the linear mode structures are suddenly broken by the zonal flows, and the mean potential amplitude is decreased after the saturation. Then, one finds the statistically steady state of turbulence causing nearly constant transport flux (see Fig.3 ), where zonal flow potentials with large radial scale-length coexist with the ITG modes (see the lower-right panel of Fig.1) .
During the saturation process of the instability growth, it is observed that the zonal flow components with the radial wavenumber of k x ρ i ≈ 0.2 ∼ 0.8 grow quite rapidly. The growth rates are about two times (or more) larger than those of the zonal flows with smaller k x . It is, thus, considered that the zonal flows with the relatively large k x effectively suppress the instability growth. It is also observed that radial derivative of the zonal flow (E E E × B B B flow shear), k 2 x |φ k x ,k y =0 |, has a significant peak around k x ρ i ≈ 0.4 ∼ 1. Results of more detailed analysis on the saturation process of the ITG mode growth and the zonal flow generation will be reported elsewhere.
As the linear unstable mode grows, the phase-space profile of Fourier component of δ f , f k x ,k y , with the wavenumber of (k x , k y ) approaches the eigenfunction. In the nonlinear phase of the ITG instability, say, in the turbulence, the perturbed ion distribution If the system is collisionless, fine-scale fluctuations of δ f are continuously generated in the velocity space [16] . In case with the weak but finite collisionality as considered here, a small dissipation scale of δ f appears in the velocity space [17] . A typical profile of δ f in the velocity space obtained from the present ITG turbulence simulation is shown in Fig.2 , where positive and negative fluctuations of the real part of f k x ,k y are, respectively, shown by solid and dashed lines in the contour map. One can see that fine velocity-space fluctuations dominate in the profile of f k x ,k y for the linearly stable mode of k y ρ i = 0.7. Development of the fine-scale fluctuations of δ f in the phase space is characterized by increase of the entropy variable [16, 17] . The entropy balance in the full toroidal angle ITG turbulence simulation is confirmed in Fig.3 , where time-histories of four terms in the balance equation,
are plotted. The entropy variable, δ S, is defined by a functional of δ f , such that
Here, · · · denotes the magnetic flux surface average defined by
The potential energy, the ion heat transport flux, and the collisional dissipation are, respectively, denoted by W , Q i , and D i , of which definitions can be found in Ref. 
Time history of the entropy balance in the full toroidal angle simulation of the tokamak ion temperature gradient turbulence. The result well satisfies the entropy balance with the maximum error of about 7% near the peak of the instability (t ≈ 50L n /v ti ) while it becomes less than 0.5% after t = 90L n /v ti .
[3]. Equation (7) is derived by multiplying the Fourier-transformed form of Eq. (1) by f k x ,k y /F M , and taking the velocity-space integral, summation over k x and k y , and the flux surface average of it. The entropy balance is accurately satisfied as shown in Fig.3 , where the residual error is defined by i v ti /L n is obtained in the previous simulation with smaller box size [3] . The transport level is comparable to the results of other gyrokinetic simulations for the Cyclone base case [2] .
ITG TURBULENCE SIMULATION IN HELICAL SYSTEMS
The gyrokinetic theory on the collisionless response of the zonal flows to a given source term has been extended to helical systems [6, 7] , where the validity of the analytical solution is successfully confirmed by the GKV simulations. The obtained results about geometrical effects on the GAM dispersion relation, the residual zonal flows and the velocity-space structure of the distribution function suggest a possibility that helical configurations optimized for reducing the radial drift of helical ripple trapped particles can simultaneously enhance zonal flows. Actually, it is observed in the Large Helical Device that not only neoclassical but also anomalous transport is reduced by the inward shift of the magnetic axis which decreases the ripple transport but destabilizes magneticcurvature-driven instabilities such as the toroidal ITG mode [18] . This fact encourages us to extend the nonlinear GKV simulations to helical systems, since it is important to self-consistently investigate the zonal flow and the turbulence for understanding the anomalous transport mechanism. Extension of the GKV code to helical systems has been made by introducing variation of the magnetic field strength along the field line as shown in Eq. (2) . An effect of the helical ripples of the confinement field appears in the profile of the linear eigenfunction as shown in Fig.4 , where the initial value problem of the gyrokinetic equation is numerically solved by means of the linearized version of the GKV code for ε t = ε h = 0.1, ε 00 = R 0 ε 00 = 0, L = 2, and M = 10. In comparison to the tokamak case, the ballooning type mode structure is accompanied with oscillatory components associated with helical ripples, which demands high numerical resolution in the z space along the field line. The obtained profile of φ is consistent with the linear gyrokinetic eigenvalue analysis of the ITG mode in helical systems [14] .
Recently, the first nonlinear GKV simulation of the ITG turbulence in a helical system has been carried out by utilizing ES. The used parameters are summarized as follows;
The simulation box size in the x and y directions are given by ∆q = −2/3 and N α = 12, respectively, which correspond to k x,min ρ i = 0.05747 and k y,min ρ i = 0.07317. Simulation domain in the velocity space is the same as that in the tokamak case in the last section.
The entropy balance obtained from the GKV simulation of the ITG turbulence in the helical system is presented in Fig.5 in the same format as in Fig.3 . One finds saturation of the linear instability growth at around t ≈ 50L n /v ti which is followed by slow increase of the transport flux. Then, nearly steady transport is observed after t ≈ 100L n /v ti . The ion heat transport flux averaged from t = 100 to 120L n /v ti is χ i ≈ 2.0ρ 2 i v ti /L n . Even with |L − Mq 0 | = 13 helical ripples (along the field line) in a range of −π ≤ z ≤ π, the entropy balance is satisfied within an acceptable error level (|∆|/D i is 9% at maximum and decreases to 1 ∼ 2% in the saturation phase). . Time history of the entropy balance in GKV simulation of the ion temperature gradient turbulence in a helical system. The result satisfies the entropy balance with the maximum error of about 9% near the peak of the instability (t ≈ 50L n /v ti ) while it decreases to 1 ∼ 2% after t = 80L n /v ti .
FIGURE 6.
Results of the gyrokinetic-Vlasov simulation of the ion temperature gradient turbulence in a helical system with L = 2 and M = 10. Electrostatic potential perturbations mapped on a flux surface and an elliptic poloidal cross-section are shown for the linear growth (left; t = 40L n /v ti ) and the nonlinear saturation (right; t = 120L n /v ti ) phases. The simulation run is also carried out by utilizing the Earth Simulator.
Electrostatic potential perturbations at different time steps are shown in Fig.6 where the contour of φ is mapped on the innermost flux surface and an elliptic poloidal crosssection. The elongated eddy structures in the radial direction is observed during the linear growth phase of the instability (left panel of Fig.6 ), while they are destroyed by zonal flows. The typical radial scale length of the zonal flow potential in the statistically steady ITG turbulence is shorter than that in the tokamak case shown in Fig.1 . Correspondingly, the zonal flow spectrum in the k x space has relatively smaller amplitude on the low k x side. The different zonal flow profile is related to the difference in its linear response to a given source term [6, 7] .
